THEOREM. Let a u -,a m be m distinct, nonzero residues modulo n, where n is any natural number and where m ^ Svβΰ exp ίc V lo £ n X , I log log n J where c > 0 is some large constant. Then the congruence sidi + + ε m a m = 0 (mod n)
is solvable with ε { = 0 or 1 and not all e* = 0.
The method of proof is completely elementary, in that it is based upon well-known results concerning the addition of residues modulo a natural number n and upon results from elementary number theory.
In a recent paper by Erdos and Heilbronn (see [1] ) the following question is investigated. Let p be a prime and a lf « ,α m distinct, nonzero residue classes modulo p, and N any residue class modulo p.
Let F(N) = F(N; p; a ίy
, a m ) denote the number of solutions of the congruence On the other hand, they show that the constant 2 cannot be replaced by any smaller constant, as shown by the example
The question which now arises is what can be said about F(N) if the prime p is replaced by a composite integer ni Theorem 1 is clearly false for composite n. In fact, even the bound m Ξ> -1 + n/2 will not guarantee that F(N) > 0 for all N when n is composite. The difficulty is that all of the a { may have a prime factor in common with n, in which case N = 1 could not be represented in the form 368 CHARLES RYAVEC (1). However, this predicament does not arise when we try to represent 0 in the form (1). Therefore, it is natural to ask what condition on m will guarantee F(0) > 0 for all n. Erdos and Heilbronn conjectured that F(0) > 0 provided m > 2Vn 1 and at a conference at Ohio State University Erdos raised the question whether i^(0) > 0 could be proved if one assumed the stronger hypothesis m > K-n ill2)+ε , where ε is any positive number, and K is some absolute constant.
Since the expression exp{c'(v / logn)/(loglogn)} is O(n ε ) for any ε > 0, the theorem of this paper answers Erdos' question. 2* Necessary lemmas* In order to prove the theorem a number of lemmas will be needed. They are rather straightforward modifications of those given in [1] for the case when % is a prime. 
where B(di) is the number of solutions of
Proof. Let G denote the cyclic group of residues modulo n, and
. By I. Chowla's theorem on the addition of residues modulo n (see [2] , Corollary 1. 2. 4 (p. 3)), one obtains rA I ^ rk + 1 , provided jA Φ G for 1 ^ j ^ r. Hence, we obtain t ^ min (n -1, r&) distinct, nonzero residues c 19 , c t modulo n which can be expressed as sums of not more than r of the d$\ and the summands need not be distinct Since Σis.s* B(c 9 )
By using induction on the conclusion of Lemma 1, we obtain
By construction, c s ~ Σ<=i ε^i ί (mod ^) is solvable with not all ε { = 0. Rewrite the above expression as c 8 = Σί=i^i< (modn), where we have suppressed those terms in the sum for which ε 4 = 0. Applying (2) we obtain Therefore, one obtains a d € such that
since 1 <Ξ r x ^ r. Now let 1 ^ ώ x < d 2 < < d^ <£ w -1 be v distinct, nonzero residues modulo n such that (^, ^) = 1. For 1 ^ u ^ v/2, consider all possible subsets, S tt , of w elements from the set {d u , d 2 J, For each subset S ω , let L(S tt ) denote the number of distinct residue classes modulo n which can be obtained in the form e^ + + ε 2u d 2uy where not all ε t = 0 and where ε 4 = 0 or 1 and ε< = 0 if d { is not in S u . Note that determining L(S U ), we do not include the residue class 0 unless it can be expressed as the sum of ^u distinct elements of S u .
Finally, put
, where the maximum is taken over all subsets, S % , of u elements from the set {d l9 , d 2u }. implies that all s< = 0, then 
Proof. If L(^) > Λ/2 we are finished. So assume that L(w) ^ n/2. Now let S tt be a set for which L(tt) = L(S U ).
So 
is solvable with not all e t = 0.
Proof. Assume that ε^ + ... + ε u d v = 0 (mod w) with ε< = 0 or 1, implies that all e* = 0. We will then obtain a contradiction. By Lemma 4, either L(u) > n/2 or u 2 + 3^ + 42 12 which is larger than n/2 provided u ^ VΊϊn. Therefore, with u ŵ e have L(u) > nj2 in either case. But we have v ^ SV"θn distinct residues. Applying the preceding analysis to the more than 2\/~&n remaining residues, we obtain L(u) > n/2 for this set also. Therefore, we have two, not necessarily disjoint, sets each with more than n/2 residues modulo n. Call these two sets A, B. By a well-known argument, either A + B -G or \G\ ^ \A\ + |B| >Λ/2 + Λ/2 = Λ.
Therefore, A + B = G; and we conclude that 0 is representable as the sum of distinct elements from {d u , d v }. This contradicts our original assumption that 0 is not so represented. Therefore,
is solvable nontrivially.
Proof of theorem* For each divisor
, c h }, where h and the c ό depend on d, although this dependence is suppressed without loss of clarity.
For + ε m α m = 0 (mod n) will be solvable nontrivially.
We now obtain an upper bound for ^d/ n 3]/6n/d in terms of n. Suppose p e p 11 n. Then we have
Put f(n) -Πp/* (1 -p~( 1/2) )~1 and choose the prime q = g(w) such that = Πp^<? p ^ n < q f JJp^q p, where q' is the smallest prime greater than
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